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ABSTRACT

This paper is concerned with the existence, types and the cardinality of the integral solutions for
diophantine equation x*+ y* =2z> where x, ¥ and z are integers. The aim of this paper was to
develop methods to be used in finding all solutions to this equation. Results of the study show the
existence of infinitely many solutions to this type of diophantine equation in the ring of integers
for both cases, x =y and x = y. For the case when x =y, the form of solutions is given by
(x,y,z)=(4n’,4n’,8n"), while for the case when x== y, the form of solutions is given by

3k—1 k-1 4k—1
,n

(x,y,z)=@n™ " ,vn ). The main result obtained is a formulation of a generalized method to find

all the solutions for both types of diophantine equations.

Keywords: Integral solutions, diophantine equation, hyperbolic equation, prime power decomposition,
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INTRODUCTION

Hyperbolic equation has been studied since ancient times; one of which was started as early
as 350 years ago by Fermat who showed that the equations xt+ y4 =z% and x* + y4 =z*
have no solution in integers by using the method of proof of infinite descent (for example,
refer to Dudley, 1978). Nonetheless, much of work has been done to examine various kinds
of hyperbolic equations until the present time and since the variation of these equations exists,
this activity will be continued into the future.

Cross (1993) studied the diophantine equation o/* 4 54 = 74 in Gaussian integers. In
his paper, the author used cyclotomic integers by considering the special case n =3 of the
Fermat’s Last Theorem to prove that no triplet (&, 3,7) of the non-zero members of Gaussian
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integers exists, G with ged (a,ﬁ) =1 such
that +a* 4+ 3* =+~ . The proof given
by the author is a version of Fermat’s method
of infinite descent.

Similarly, Dieulefait (2005) also proved
that with p a prime, p # —1 (mod 8) and
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P > 13, the diophantine equation x4 y4 = z% has no solutions X, y,z with (x,y)=1
and (x,y)=1. In the same publication, the author proved that if p is a prime, p > 211, the
equation x* 4 y4 = z” would have no primitive solution in non-zero integers. Later on,
the author generalized the form of equation studied and considered the following equation,
xt+ y4 = qz"” . He gave a method to solve this equation for some prime values of ¢ and every
prime p bigger than 13. The author proved that the diophantine equation, x* + y4 =gqz’,
does not have any primitive solutions for ¢ =73,89 and 113 and p >13.

Grigorov and Rizov (1998) studied the diophantine equation, x* + y4 =cz*. In their
paper, the authors gave a precise explicit estimates for the difference of the Weil height and the
Neron Tate height on the elliptic curve, Vi=u’—cu. They later applied this to prove that
if ¢ > 2 is a fourth power free integer and the rank of Vvi=u’—cu is 1, the diophantine
equation x4+ y4 = cz" would have no non-zero solution in integers.

In his publication, Poonen (1998) proved that the equation x" + " = z" has no non-
trivial primitive solution for n > 4. At the same time, by assuming the Shimura-Taniyama
conjecture, he also proved that the equation x” 4+ 3" = z° has no non-trivial primitive solution
for n>3.

Motivated by the works on the equation of Fermat’s equation of degree four and its
variations, this research was undertaken to study the equation x* + y4 = z° and to find its
solutions in the ring of integers. Our quest here was to determine whether the infinitely many
solutions to the equation x* + y4 = z° do exist, and to solve this diophantine equation in
the integer domain.

The cases of non-existence of solutions for this equation have been discussed earlier by
some authors. For examples, Cohen (2002) gave an assertion as stated in Lemma 1.1. It
is easy to show that the solution set of the equation xt+ y4 =2 is non-empty whenever
ged(x, y,x) >1. For example, (x,y,x)=(4,4,8),(289,578,4913) is in the solution set.
Theorem 1.1 gives a general proof of this particular assertion. Since the solution set is non-
empty, we are interested to know the form of integers that satisfies this equation. However, the
general forms of the solutions for such equation have not been discussed extensively. Hence,
using the elementary methods in this study, we determined some explicit forms of solutions
to the equation x* + y4 = z* when ged(x, y,x)>1.

RESULTS AND DISCUSSION

This paper is outlined as follows. There are three theorems discussed. Theorem 1.1 shows that
the solution set of x* + y4 =2 is always non-empty whenever ged(x, y,x) > 1. Theorem 1.2
deals with the case when x = y and ged(x, y,x) > 1, while Theorem 1.3 deals with the case
when X = ) and ged(x, y,x) > 1. We reproduced an assertion of Cohen (2002) in Lemma
1.1, which deals with the equation xt+ y4 =z, whereby ged(x, y,x) =1. In addition, two
corollaries are also discussed in this paper. Corollary 1.1 gives the forms of solutions for the
triplet (a,b,c) when n = ut +v* fora pair of integers ¥ and V is a cube in which there
exist infinitely many solutions to the equation x4 y4 =z . Also, Corollary 1.2 in this paper
gives the form of solutions for (a,b,c), when w= n*, where w=——S_ and 5 and
e ged(a,b,c)
k are positive integers.
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We will show that the solution set of the equation in which gecd(x, y,x)>1 is always
non-empty in the following theorem. It shows that a solution set can always be constructed
from a given pair of integers.

Theorem 1.1

Suppose # and V are integers and # = u* +v* Let k bean integer such that £ = 2(mod 3).
Akl

Then, a = un® ,b=vn" and c=n 3 isin the solution set of the equation x4 yt=2,

Proof:

By multiplying both sides of the equation n = ut +v* with n* , the following is obtained:
o= (n4k ‘u4)+(n4k 'V4)

or n4k+1 — (nku)4 +(nkV)4

Since k£ = 2(mod 3), we have 4k +1= 0(mod3).

Thus, there exists integer 7 such that 4k +1=3m.

It follows that " = nu)* + vy
or n"y = (n*u)* + n*v)*
Hence, a =un*, b=vn* and ¢ =n" satisfy the equation xt+ y4 =z’ . We obtain the

assertion by putting m = ﬁ

3

A corollary obtained from the above theorem is as shown below. The forms of solutions
for the triplet (@,b,c) are obtainable when 7 is a cube in which case there exist infinitely
many solutions to the following equation, x* -+ y4 =z,

Corollary 1.1

. 4, .4 .
Suppose U and Vv are integers and # =u +V'. Suppose 1 = 7’ for some integer, 7.

4k+1
Let k bea positive integer. Then @ =un®, b=vn* and c=n 3 is in the solution set of
xt =27

Proof:

From the proof of Theorem 1.1, it can be shown that:
n4k+1 — (nku)4 + (nkv)4

Let n =7, then the following will be obtained:
(r4k+l)3 — (nku)4 + (nkv)4
kel 4 4 3
Hence, a :unk, b=vn* and c=n ? isinthesolutionsetof X' + )y =2z ifnisa
cube.
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The following theorem gives the form of solutions to the following equation, when

X =y and gcd(a,b,c)>1.

Theorem 1.2:

Suppose the triplet (a,b,c) in which @ =b and gcd(a,b,c) > 1 is a non-trivial solution to
gcd(a,b,c) >1.Then a,b,c is of the form a =b=4n’ and ¢ = 8n" for some integer, 71 .

Proof:

First, suppose that the triplet (a,b,¢) is a solution in which @ = b . Then, the equation will
become:

2a* =¢ (1.1)
Clearly 2|c® which implies that ¢ is even.
Hence, there exists ¢; in the prime power decomposition of ¢ such that g, = 2.

Rearranging the prime power decomposition of €, let ¢, = 2, we will have the following:

c=2" H:’:z qu" where ¢ are odd primes and fizlfor 1< j<m

Similarly, let p, =2 in the prime power decomposition of @ . Then, the following will be
obtained:

a= 28‘1_[5:217[ in which ¢, are odd primes, ¢ >0, ¢, >0 for 2 <i < )

Substituting the above expression for @ and € into (1.1), the following will be obtained:

e 1 e . m /_
2] =2(1 4" (12)

By uniqueness of the prime power decomposition of @ and ¢, we will have for each 7,
the integer j in such a way that P, = ¢, and vice versa for 2<i </, 2<j<m,and
l=m.

Also, we will have 2™ =23 which implies that 4e, +1=3f,

or 3f,+(—4)e =1

Since ged(3,—4) =1, many integral solutions to this equation do exist.

Meanwhile, we can see that ¢, =1, and f, =3 is a particular solution that satisfies this
equation.

Thus, all the solutions for this equation are given by:

€ :2—3t1 and ﬁ :3—4t1 (13)
where £, is the integer.

Since €, and f, are positive integers, #, <0 .
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Now for each #, < 0, the integer 8, > 0 exists in such a way that #, = —s, . Thus, from
(1.3), we will obtain the following:

e =2+3s, and f,=3+4s

Similarly from (1.2), by uniqueness of prime power decomposition of @ and C, we
will have by considering the odd prime factors of @ and ¢ that [, p, = q, and 4¢, =3f;
for some j and j, where i, j =2,3,..m.

From here, we can see that 4|3 f, and 3|4e, .
Since ged(4,3) =1, the integers 7; and S, exist in such a way that f; =47; and e, = 3s,.
It follows that §; =7,.

Then, the prime power decomposition of @, b and ¢ will respectively be:

K ! S o ! S;
a= b — 22+3 Hizz pi3 — 22 (2 Hizz p[3 )3
and
S1 / S K ! S;
c= 23+4A Hiiz p14 — 23 (2 _ pi )4

S, ! ;. .
Let n=2" Hi:Z p;”" in this case.

Thus, @ =b=4n" and ¢ =8n* could be obtained as asserted, where 7 is an integer.
Now if #, = 0, we will obtain ¢, =2 and f, =3 from (1.3).

Then, the prime power decomposition of a, b and ¢ will respectively be as follows:

a—bh="22 Hj:z pi3s,» _ 92 (H;z pi3s[ )3

and

_n3 ! 4s; __ A3 / 5 \4
c_2Hi:2pi =2 (Hizzpi )
! S . .

Let n= Hl-:z p;" in this case.

Thus, @ =b=4n" and ¢ =8n* could be obtained as asserted, where 7 is an integer.

Hence, the triplet (47°,4n°,8n") is a solution to the equation x* + y* = 2> when
X=Y). 4h+1

In Theorem 1.1 (i.e. where the solutions are of the form (a,b,c) = (un®*,vn*,n 3 ) andin
Theorem 1.2 [where the solutions of this equation in which X = y is (a,b,¢) = (4n’,4n*,8n")],
it is clear that gcd(a,b,c)>1. The subsequent Theorem 1.3 gives the forms of integral
solution to the equation x* 4+ y* =2z’ in which x= » and gecd(a,b,c)>1 also. The
cases in which gecd(x, y,z) =1 have been discussed by a number of earlier authors. For
example, Cohen (2002) showed that non-trivial integral solutions did not exist in such cases.

Thus, this assertion was reproduced in the following Lemma 1.1, the proof of which could be
found in Cohen (2002).
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Lemma 1.1
The equation x* 4 y* = z° has no solutions in the non-zero coprime integers, X, V, X .
The following theorem gives the form of solutions to the equation

x* +y* =2 in cases when ged(a,b,¢)>1 and X = Y in terms of 7, where

) y
[gcd(x,y,z>] +[gcd(x,y,z)

integer with £ >1 .

4
] and ged(x, y,z)=n*", where k is a positive

Theorem 1.3:

Suppose the triplet (a,b,c¢) with @ = b and ged = (a,b,c) =d is a solution to the

equation, x* 4 y4 =z Letyu=—, v= E and n=u"+v*. Let k bea positive

4
d

. k-1 31 3k-1 -
integer. If d =n"""" then a=un"', b=vn™*" and ¢ =n**".

Proof:
Since a=du , b=dv and d =" we have clearly a =un®" and b=vn""".

From the following equation a* +b* = ¢’ , it follows that:

(un3k—l )4 + (un3k—l )4 _ c3 or (n3k—1 )(u4 + v4) — c3

4k—143 3
)

Since, n=u" +v*, we have (n =c

which implies that ¢ = n*~'

1

— 3k—1 4kl . 3k—1 4 4
Hence, a =un**™" , b=vn and c=n ifd=n"",where n=u"+v

A corollary was obtained from the above theorem, as shown below. The forms of solution
for the triplet (a,b,c) are obtainable when ) — C_ k.
d

Corollary 1.2
Suppose the triplet (a,b,c) with @ = b and ged = (a,b,c) =d is the solution to the

a

. 4 4 3 ¢ 4 4 k
equation X +y =z . Lety=—,Vv=—,W=—and n=u +v . Ifw=n",

b

d d
then @ = un™"' , b= v and ¢ = p! '

Proof:

From the equation, we have a* +b* =¢’.

It follows that d*(u* +v*) = d’n’*.
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Since u* +v* =n, we will have the following:

3%k 35—1
dn=n or d=n

1 -1

3k 3k-1 .
From Theorem 1.3, we have then a =un’ "', b=vn’*"and ¢ = n*™" since d = n**

1 3k—1 4k—1
) that were

Table 1 below shows some example solutions (a,b,c) = (un® v n
obtained for Theorem 1.3 for various values of & .

TABLE 1: Some examples of the integer solutions for the diophantine equation x! + y4 =2z when
X =y and ged(x, y,z) >1 for various values of k .

k a= un3k71 b — vn3k71 c= n4k71 d — n3k71
2 2
1 a=un b=vwn c=n’ d=n
2 a=un b=vwn’ c=n’ d=n’
11
3 a=un® b=vn® c=n d=n"
4 R b | ol _ 15 N
a=un b=vwn c=n d=n
14 14 1 14
5 a=un b=vwn c=n" d=n

Note: The solution set obtained from Theorem 1.3, where d = 7 with k >1 as represented in
Table 1 is also the solution set obtainable from the forms of solutions in Theorem 1.1, in which

k =2(mod3). In this study, the assertions of Theorem 1.1, Theorem 1.2 and Theorem 1.3 have been
illustrated by showing the actual solutions for the integers (X,¥,z), as in Table 2 that satisfy this

equation using the C language in integer domain.

TABLE 2: Some examples of the integer solutions generated by the C language for the diophantine
equation x* —|—y4 =2’ when x = Y and XZ= Y.

X Yy z

4 4 8

32 32 128

108 108 648

256 256 2048

289 578 4913

500 500 5000

4000 4000 80000
6724 20172 551368
18818 28227 912673
391876 1959380 245314376
821762 2054405 263374721
340707 454276 38272753

66049 264196 16974593
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CONCLUSION

From the discussion above, the non-trivial integral solutions for the diophantine equation
x4 y4 = 2> was shown to exist when ged(x, y,z) >1. Suppose U and v are the integers

and n=u"+v* and k are the integer in such that k =2(mod3). Then, a = un",
4k+1

b=vn* and c=n * are the solutions to this equation. Also, suppose ¥ and vare

the integers and n = ut+vt If nisa cube, the many solutions of the forms a = un*,
4k+1

b=vn" and c=n * would infinitely exist. As for the case when x = y, the triplet
(x,y,z)=(4n’,4n°,8n") where R is any integer is a solution to this equation. For the case
when X =y, we have x = un™! , y=wn*" and z=n*""" where n= u* +v* and
d = n’*™" . This work points towards a future direction in the determination of solutions to a

more generalized equation xt+ y4 = pkz3 ,where p isaprimeand k isany positive integer.

ACKNOWLEDGEMENTS

The authors would like to acknowledge the Laboratory of Theoretical Studies, Institute of
Mathematical Research (INSPEM), Universiti Putra Malaysia for supporting this research.

REFERENCES

Cohen, H. (2002). The Super-Fermat Equation. In Graduate Texts in Mathematics: Number Theory,
Volume I1: Analytic and Modern Tools (6" Edn.), 463-477. New York: Springer-Verlag, Chapter 6.

Cross, J. T. (1993). In the Gaussian Integers o' + B =~". Mathematics Magazine, 66(2), 105-108.

Dieulefait, L. V. (2005). Modular congruences, Q-curves, and the diophantine equation Pyt =zt
Bull. Belg. Math. Soc. Simon Stevin., 12(13), 363-369.

Dieulefait, L. V. (2005). Solving diophantine equations xt+ ' =qz” . Acta Arith, 11 7(3), 207-211.
Dudley, U. (1978). Elementary Number Theory (2™ Edn.) San Francisco: W. H. Freeman and Company.

Grigorov, G., & Rizov, J. (1998). Heights on elliptic curves and the diophantine equation x* + y* = cz*.
1-9.

Poonen, B. (1998). Some diophantine equations of the form x" + y" =z". Acta Arith, LXXXVI, 3,
193-205.

126 Pertanika J. Sci. & Technol. 21 (1): 283 - 298 (2013)



